June 2010 UNL Mathematics Qualifying Exam Math 871/872

Do three of the problems from section A and three questions from section B. If you work
more than the required number of problems, make sure that you clearly mark which prob-
lems you want to have counted. If you have doubts about the wording of a problem or
about what results may be assumed without proof, please ask for clarification. In no case
should you interpret a problem in such a way that it becomes trivial.

Section A:

1. Let X be a topological space and let f,g: X — R be continuous functions.
(a): Show that the set L = {p € X : f(p) < g(p)} is a closed subset of X.
(b): Show that the function h : X — R given by h(p) = min{f(p),g(p)} is continuous.

2. Let X be a Hausdorff space, p € X, and A C X a compact subset of X disjoint from
p. Show that there exist disjoint open sets U,V C X withp e U and A C V.

3. A space (X, 7) is called locally path-connected if for every p € X, every open neighbor-
hood of p contains a path-connected open neighborhood of p. Show that the product of
two locally path-connected spaces is locally path-connected.

4. Let Z = X UY, for X and Y connected subspaces of Z with X NY = (. Let zg € X
and yg € Y. Let ~ be the equivalence relation generated by the equivalence xy ~ y. Show
that the quotient space Z/ ~ is connected.

Section B:

5. Show that if A is a path-connected subspace of X, g € A, and the homomorphism

ix : m(A,29) — m(X,20) induced by the inclusion map i : A — X is surjective, then
every path in X with endpoints in A is homotopic relative to the endpoints (i.e., via a
homotopy that fixes each endpoint) to a path in A.

6. Attach a 2-disc D? to a torus S! x S! by the attaching map 2™ s (27 e2mit),
thinking of the boundary dD? and each S! factor as the unit circle in the complex plane,

and let X be the resulting space. Compute a presentation for the fundamental group of
X.

7. Use covering space theory to show that if H is a subgroup of index 3 in a finitely
presented group G, then H is finitely presented.

8. Let X be the space obtained from the 2-simplex A? by identifying all three vertices
together. Describe a A-complex structure on the space X and compute its homology
groups.



