Homework 8

1. Prove that if f € L*(R") then f is uniformly continuous on R™.

Solution: Note that we have

f(y + h) - f(y) = f(g;) (@_27”35'(?!"'}1) _ 6—27rix-y) dr
Rn
= f(x)ef%i:my(e—zmx‘h o 1)d3:
Thus we have that

fly+h) - /|f | [e7m = — 1| dx

It suffices to show that this last expression can be made arbitrarily small as we let
h — 0, independently of y. The idea is to apply the Dominated Convergence Theorem.
Set gn(x) = f(x)e ?™=W+h)  Then we have that |gy| < |f|, and g, — go = f(x)e 2™*Y
almost everywhere in R". So we then have that

foem = [ o= [ =i

as h — 0 by Dominated Convergence.

2. Give f € L*(R™), prove that

E= [ Jwe

lz|<N

converges to f in L2(R") as N — oo.

Solution: Let
o€ = [ flae e
|z|<N

Observe that

A

f(€) —gn(§) = /Rn F@) L pgasnye 2 8de = f1paon (6.

Then we have that

f = | 1|
Pty = 1] e

— Hfl{gc:|x\>N}||L2(R”)

But, for N large enough, we have that this last expression can be made smaller than any
given € > 0 since f € L*(R").




3. If fir, f € S(R") and fr — f in S(R"), then fk — f and f, — f in S(R™).

Solution: Recall that f; — f € S(R") if for all multi-indices o and 5 we have

Pas(fx — f) = sup |$a(aﬁ(fk — f))‘ — 0

z€R™

as k — oo. We then have that

sup |2°0°(fi — f)| = C(a, B) sup

reR™ reR™

o —

(@ (fi— )| < 1@ U= D) 1 e

Recall that if fi, — f in S(R™), then we have that f; — f in LP(R™) for any 0 < p < oo.
Moreover, we have

HaﬁgHLp(Rn) < C(p,n) Z Pa,6(9)-

o= 2L |41

Apply this estimate with ¢ = fx — f and p = 1 to conclude that fk — f Similar
computations prove the statement for f, — f.

4. Find the set of eigenvalues of the Fourier transform, namely the A such that

f=M.

Hint: Apply the Fourier transform to the above identity, and consider functions of the form
e ™ (a4 bx?)e ™ and (cx + dz®)e™™ for good choices of a,b, ¢, d.

Solution: Note that we have

() = f(~a)

>35>

and so f(z) = f(x). If f is an eigenfunction then we see that the corresponding eigenvalue
must satisfy
A —1=0.

From this we see that the eigenvalues of the Fourier transform are 1,—1,4, —i. Using
the remaining part of the hint, one can deduce the corresponding eigenfunctions to be
Hermite polynomials.

5. If 0 < ¢ < o0, define f.(x) = e’

(a) Compute f, in the following way: Let ¢ = f. and show that 4m2tp(t) + 2¢¢/(t) = 0
and then solve the resulting differential equation;

(b) Show that there is one (and only one) value of ¢ for which f, = f.;
(c) Show that f, * f, = vf. where v = v(a,b) and ¢ = ¢(a, b).



Solution: Part (a): Set

Then we have

T
— 20 to(1).
Cs@()

Rearrangement gives the resulting differential equation. Interchange of the derivative
with respect to ¢, and switching the derivative with respect to x is justified since e’ ig
a Schwarz class function. Solving the resulting differential equation gives that

~ 2
42
c

fe(t) = ke™
where k is some constant. Note that we have that f.(0) = k = Iz e dr = v/E. Thus

we have that
Jolt) = | e
c = —e c .
c

Part (b): Suppose that we have a value of ¢ such that
fe(t) = fe(t).

\/Eeﬁ(f_c) =1.
c

In particular, it must be true when ¢ = 0, and we obtain that ¢ = 7 is the only value
that works.

Then for all ¢ € R we have that

Part (c): Taking the Fourier Transform, we have that

2,2 _nZo ™ 2(1,1),2 ™ 2a+by2
3 i e ale v = T (a+3)° — e Tt
Set ¢ = c(a,b) = 2% and v = v(a,b) = /75, then we have that

T _2atb2 T x2 2 A
— ¢ P —e o =f.(t).
Vab 7\/: 7fe(t)

a+b and v = v(a,b) = \/ 7y that
fa*fb:’}/fc-

So we have that when ¢ = ¢(a,b) =




6. Suppose that f € L'(R") and f > 0. Show that ‘f(y)‘ < f(0) for y # 0.

Solution: Note that for any y € R"™ we have

f| <181 = [ sy = fo)

Suppose that for some y # 0 we have that

~

fw)| = f(0).

This then leads to a contradiction. Indeed, we have that

| fla)de = 1(0) =

f(x)e_%m'ydx

=i e
RTL

where 7 is a constant complex number with || = 1. Re-arrangement of this inequality
gives that

f(z)(1 —ne” ™ ¥)dx = 0.

This implies that f(z)(1—ne 2™*¥) = (0 almost everywhere on R™. But, since y # 0, we
have that (1 — ne ™) = () almost everywhere on R", and so f = 0 almost everywhere
on R"™. This is a contradiction to the conditions on f, and so there can not be a y # 0
with equality holding. Thus we must have for y # 0 that

~

fw)| < fo).

7. Compute the Fourier transform of g(z) = e~2"*| using the following steps:

(a) Let f € LY(R) and show that

/Rf(x)dx _ /Rf (33 - é) da.

(b) Use part (a) with f(z) = e and ¢ > 0 to obtain the following identity:

=) N

(c) Set t = 7 |z| and integrate with respect to e >"®dx to obtain that

L) 1
(L+ )™

w‘+ [\)‘J’_

re



Solution: Part (a): For one proof, one can check the identity when f(z) = 1j91)(z), and
then use that simple functions are dense in L!(R). Here is another proof that one can
give. Note that we have

/Rf(x)dx = /Ooo f(x)dx + /_[; f(z)dx.

We work with each of these integrands separately. For the first one, we have that

/Ooof(x)dx—/loof(x—é) (1+%>d:@.

While for the second one, we have

/lf(x)dxz/Zf(x—i) <1+é)dm.

Now, note that we have

/Rf(x—i)dx:/:f(m—é)der/jf(x—%)daﬂr/loof(x—é)dx

Using these identities from above, it is easy to see that

/Rf(x)dx:/Rf(x—é)dxjt/lrmf(x—i)g—/_llch—é)dx.

To conclude the computation, we are left with showing that

1\ dx 1 1
L|>1f($‘z)ﬁ:[1f(w‘z)dx'

To prove this last identity one shows that
! 1 - 1\ d
ENRIE
0 x oo x) x
0 1 > 1\ d
[oe-2)- [ -1
-1 X 1 xXr e

via a standard change of variables. Part (b): We use part (a) applied to the function
f(x) = e ™. Now observe that

and

But, we also have that




Using Part (a), we have that

\E \/_/ R

Rearrangement gives the result.

Part (c): Now set t = 7 |z| in Part (b) and obtain,

727r|z| . / 2\%I2 dy
NG v

Then integrate this expression with respect to e 2™@¢dx to obtain that

g(f) _ / e—27r\a:| _Qﬂ—iwﬁdl’

LG e
L)

1 1 /°° n
= — - y 2z eldy
T 1+ 1) Jo
e 1
- n+1 n+1




